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Consider a heterogeneous but divisible commodity, bundles of which are represented by the 
(measurable) subsets of the good. One such commodity might be land. The mathematics 
literature has considered agents with utilities that are nonatomic measures over the commodity 
(and hence are additive). The existence of ‘a-fair’ allocations, in which each agent receives a 
utility proportional to his utility of the endowment of the entire economy, was demonstrated 
there. Here we extend these existence results to a-fair effcient allocations, envy-free allocations, 
envy-free eflicient allocations, group envy-free and nicely shaped allocations of these types. We 
examine utilities that are not additive and reiate the mathemati~ literature to the economics 
literature. We find sufficient conditions for the existence of egalita~an-equivaIent ef3icient 
allocations. Finally, we consider the problem of allocating a time interval (uses of a facility). 
Existence of an envy-free allocation bad been demonstrated in earlier literature. We show that 
any envy-free allocation is efficient as well as group envy-free. We extend this last result to a 
more general setting. 

1. In~~uction 

A farmer dies leaving instructions to divide his land fairly among his sons. 
A land reform law stipulates that each large estate is to be divided fairly 
among all the farmers in a village. Several communities undertake a drainage 
of swamps and face the problem of fairly dividing the reclaimed land among 
themselves. How should such divisions be carried out? 

Somewhat more generally, consider a ‘heterogeneous good’ which can be 
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divided in a variety of ways among a group of agents with ‘equal’ claims on 
it, each agent being endowed with a preference relation over the various 
admissible subsets. How should the fairness of a division be defined and can 
fair divisions be achieved? 

This problem has been addressed in the mathematics literature, in the 
following abstract formulation, which we describe using standard economic 
terminology. The good to be divided is modeled as a measure space. There 
are n agents whose preferences are defined over the measurable subsets. Each 
agent’s preference relation is representable by a function that is a non-atomic 
measure. A vector of distributional coefftcients u in the (n- l)-dimensional 
simplex is given. The search is for a partition such that, using these 
representations, the utility of each agent i is at least tLi times the utility he 
would enjoy from consuming the whole amount available. The existence of 
such allocations is demonstrated. 

This literature will be our point of departure. In spite of its great 
mathematical generality and elegance, it suffers from several limitations. 
First, it does not address at all the issue of efficiency, seriously limiting its 
relevance to economists. This requirement will be imposed throughout in this 
paper. 

Second, it does not allow for general preferences of the kind that are 
standard in economics. Instead, preferences are required to have additive 
numerical representations. We will explain later that allowing arbitrary 
preferences would be unproductive because counterexamples arise, but one of 
our objectives here is to investigate how far one can depart from this case. 
We will first work with preferences that do have additive representations but 
we will also present some results pertaining to the non-additive case. These 
results require that preferences admit representations that exhibit some form 
of ‘decreasing marginal utility’, a condition that should be particularly 
appealing to economists. 

Finally, the mathematics literature is unduly narrow in the specification of 
the equity criteria that it considers. There now exists in economics a well- 
developed literature devoted to the formulation and the analysis of equity 
concepts. The concept that has played the central role is that of an envy-free 
allocation, that is, an allocation such that nobody prefers what someone else 
receives to what he receives. We will analyze the existence of envy-free and 
efficient allocations in the present model. However, other concepts have been 
found useful and we will consider several of them as well. Indeed, we believe 
that the application of these concepts to the problem of dividing a 
heterogeneous commodity is long overdue. In the economics literature, the 
only paper of relevance known to us is Weller (1985), where the existence of 
envy-free and efficient allocations is obtained under conditions that are 
related to, but different from, ours. 

In section 2, we specify the model and state the basic definitions. Most of 
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this paper concerns the no-envy concept and variants of it. In sections 3 and 
4, we consider countably additive utilities and in section 5, more general 
ones. In section 4, we examine the possibility of obtaining ‘nicely shaped 
parcels. In section 6, we investigate the existence of partitions satisfying the 
property of ‘egalitarian-equivalence’, one of the main competing equity 
notions. In section 7, we give general conditions sufficient for envy-free 
allocations to be efficient and show how they apply to our model as well as 
to two other models. In section 8, we conclude. 

2. The model 

We consider the division of a plot of land among a group of agents with 
equal claims on it. Since our results accommodate arbitrary dimension, we 
model this plot of land as a measurable subset L of the Euclidean space I@‘, 
where k is not necessarily equal to 2. Let m be Lebesgue measure on lF@. B is 
the a-algebra of measurable subsets of L, representing the possible parcels 
into which it can be divided. Capital letters denote elements of 98. Given 
ACE@, the topological closure of A in Rk is denoted by A, and its topological 
boundary by dA. Two parcels A, BEW are called adjacent if 8A A i3B 
contains a homeomorphic image of (0, I)‘- ’ .I 

There are BE N agents. Each agent i, for i= 1,. . . , n, is endowed with a 
preference relation Ri over @‘. Let Ii denote the indifference relation 
associated with Rj and Pi the strict preference relation. Let R=(R,,. . .,R,) 
be the list of preference relations. Let n” be the set of n-element measurable 
partitions of L, or simply partitions. A partition B=(B,,. . . , B,)EII” is 
(Pareto)-&cient fir R if there is no other partition A =(A,, . . . , A,) E IIn such 
that AiRiBi for all i, with strict preference holding for at least one i. Assume 
that each Ri can be represented by a ‘utility function’ ui:9+ R. Let 
u=(u,,..., u,) be a list of such utility representations. A sequence of 
partitions (B’)z 1 E Z7” is limit efficient for R if for every s>O there exists 
t* E N such that for all t> t*, there does not exist A EP such that for all i, 
u,(A,) - Ui(Bi) > E. We will make assumptions on preferences guaranteeing that 
utilities can be chosen continuous and have a compact range. Under these 
circumstances, and if utilities are so chosen, this definition and the ones to 
follow do not depend on the utility representations, provided that only 
continuous, monotonic transformations are permitted. 

We now present our main equity notion. 

De~~i~io~. A partition BEP is envy~ee~o~ R if for all i and j, BiRiBj. 

Thus, a partition is envy-free if no agent would prefer someone else’s 

‘Much of this notation is taken from Hill (1983). 
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parcel to his own. This concept is the central one in the economics literature 
(to our knowledge, it has not been used at all in the mathematics literature). 
It was proposed initially by Foley (1967), and later developed by Kolm 
(1972), Varian (1974), and many others. For a recent survey of this literature, 
see Thomson (1991). A useful weakening of the concept is the following. 

Definition. A sequence of partitions (B’),“=, ~17” is limit-envy-free for R if for 
every E >O there exists t* E N such that for all t > t* and for all i and j, 
ui(Bf ) - Ui( Bf) < E. 

We will also consider the following utility-based notion.’ Let A”-‘= 

{a E rW: ICai = l} be the (n - 1)-dimensional simplex. 

Definition. Given a E A”- I, a partition BEZZ” is a-fair for u if for all i, 
ui(Bi) 2 ai ’ Ui(L). 

Here, each agent is required to receive at least a given fraction of the 
utility he would derive from consuming the whole amount available, the 
fractions being required to sum to one. This notion was developed by Borsuk 
(1933), Stone and Tukey (1942), Steinhaus (194Q Dubins and Spanier (1961), 
and Hill (1983). It seems to be the normative standard in the mathematics 
literature. 

Two more criteria will be used below. Note that they depend only on 
preferences. 

Definition. A partition BEZZ” is group envy-free for R if for every pair of 
groups of agents C,, C2 with IC,I =ICzl there is no partition {Ai}iEc, of 

Ujec* Bj, such that AiRiBi for all iE Cl, with strict preference holding for at 
least one iEC1. 

This definition is adapted from Schmeidler and Vind (1972). If an 
allocation is group envy-free, it is of course envy-free and efficient (take C, 
and C2 of cardinality one to establish the first property, and take C1 = Cz = 
N to establish the second one). If the reader finds it more natural only to 
compare the welfare of distinct groups, or perhaps of non-overlapping 
groups, then efficiency should be required separately. 

Definition. A partition BE ZZ” is egalitarian-equivalent for R if there is some 
measurable ‘reference’ parcel E such that BiZiE for all i. 

This definition is adapted from Pazner and Schmeidler (1978). An 

‘It is known under the name ‘fair’, in the mathematics literature, but we avoid this term, 
which has been given other formal meanings. 
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egalitarian-equivalent partition is such that each agent is indi~erent between 
his parcel and some fixed reference parcel. 

3. Countably additive utility 

We will open our discussion by noting that the existence of envy-free and 
efficient allocations cannot be expected if no restrictions are imposed on 
preferences. Indeed, imagine L to be divided into two measurable subsets, L, 
and L,, with m(L,), m(L,)>O. Let n=2 and let u,(B)=u,(m(BnL,), 
m(Bn LJ), u2(B)=u2(m(Bn L,), m(Bn L,)) for some functions u,,v,:Iw: -+ 
R. This economy is analogous to a 2 x2 Edgeworth box economy with 
preferences that are (possibly) not convex or not monotonic, represented by 
the functions vl,v2. Thus, the examples of Edgeworth box economies with 
non-convex preferences where no envy-free and efficient allocation exists 
[Varian (1974)] also apply to our heterogeneous commodity. Similarly, there 
are economies where no a-fair and efficient allocation exists, since the utility 
possibility set for such an economy is not necessarily convex. Notice also 
that this interpretation of our model shows that it is a generalization of 
standard exchange models with homogeneous commodities. However, we 
shall impose different assumptions on preferences. 

We will start by assuming preferences have representations that are non- 
atomic measures3 All of the results in the mathematics literature quoted 
earlier rely on the well-known Lyapunov theorem, which states that the 
range of any real-valued, non-atomic vector measure is compact and convex 
[see Rudin (1973, p. 114) for an elegant proof]. We present below the most 
central of these results. 

The first result is straightforward: if for each i, agent i’s preferences can be 
represented by a non-atomic measure, then efficient partitions4 exist. This 
follows immediately from the compactness part of the Lyapunov Theorem. 
For further discussion, we refer to section 2.2 of Dubins and Spanier (1961). 

The next result, due to Dubins and Spanier (1961, Corollary Ll), addresses 
the issue of existence of an a-fair partition. 

Theorem 1. Suppose that for each i, agent i’s preferences can be represented 
by a ~#n-atomic probability measure ui- Then, given aE A”- ‘, there exists a 
partition BE 17” such that ui(Bj) = aj for all i j. 

3Many papers here, such as (1983, 441), point that theorems in 
literature can fail if atoms allowed in utility example, every utility could 
be a probability that probability one to same XGL. 

establish of 
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Hence, if each Ui is a non-atomic probability measure, then there exists an 
a-fair partition (by taking i =j in the result). 

The following results are easy consequences of Theorem 1: first, together 
with the compactness part of the Lyapunov Theorem, it implies the existence 
of an or-fair and efficient partition. Also, setting ai= l/n for all i and noting 
that the last sentence of the Theorem holds for all j#i, the existence of an 
envy-free partition follows. 

Showing that an envy-free and eflicient partition exists is more d~cult. In 
standard exchange economies, such existence theorems generally involve a 
fixed-point theorem (or a tool equivalent to a fixed-point theorem). The 
typical approach is to divide the economy’s endowment equally among all 
traders, establish existence of an equilibrium relative to these endowments, 
and show that any resulting equilibrium allocation is envy-free and efficient. 
In the case of a heterogeneous commodity, there is no a priori (that is, 
independent of preferences) way of dividing the total endowment so that all 
traders necessarily have the same budget in equilibrium. 

Weller (1985) has shown that an envy-free and efficient partition exists 
when utilities are non-atomic measures. On the one hand, Weller’s result is 
more general than ours in the sense that it requires only a general measure 
space instead of the more restrictive measure space that we employ below. 
On the other hand, we improve on Weller’s result by showing that a group 
envy-free partition exists as well as by using a more concise and straightfor- 
ward proof. The following existence result also requires preferences to be 
monotonic: 

Definition. A preference relation Ri is monotonic if for all B, B’ E.@, Bc B’, 
m(B) <m(R) implies B’P,B. If Ui represents a monotonic preference relation, 
we will also say that Ui is monotonic. 

Theorem 2. If for each i, R, can be represented by a monotonic function ui 
which is a measure absoZutety continuous with respect to Lebesgue measure on 
OBk, then there exists a group envy-free and eficient partition. 

The proof uses the following result of Berliant (1985). 

Lemma 1. Given endowments (e,, . , , , e,)E LT, if p* E L’ is an equilibrium 
price and (a:,..., a,*) e(Lm)” is an extreme point of the associated set of 
equilibrium allocations, then a: is an indicator function for a set in g for 
each i. 

Proof of Theorem 2. If m(L) = 0, the result is trivial. Now consider the case 
m(L) >O. Since each ui is monotonic and absolutely continuous, using the 
Radon-Nikodym Theorem [see Rudin (1974, p. 130)] we can write u,(B)= 
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Sehi(x) dm(x), where hi >0 a.s. Extend this utility to /IEL~ via tii(p) = 
f/?(x). h,(x) dm(x). L e each trader’s initial endowment be ei =( l/n). l,, where t 
l,gL” is the indicator function for L. Apply Bewley’s (1972) existence 
theorem for the commodity space L”, and fix one equilibrium price system 
pan L’. It is easy to see that the set of allocations that are equilibrium 
allocations relative to the given prices is a convex set that is also compact in 
the weak* topology on (L”)“. By the Krein-Milman theorem, this set has an 
extreme point. 

By Lemma 1, the extreme equilibrium allocation is a vector of indicator 
functions of sets in $$, call it (ls,,..., ls,). By standard arguments, this 
allocation is efficient. To see that it is envy-free, notice that all traders have 
the same budget, SO it must be that Ui(Bi) =Ui( lBi) ziii( lBj) = ui(Bj). TO see 
that it is in fact group envy-free, suppose the existence of two groups C, and 
Cz with IC, j = IC,I and a measurable partition (AI)lEC, of UjeC2Bj, such 
that AiRiBi for all iE C,, with at least one strict preference. Then the 
value of uiac, A, at prices p* exceeds the value of (JjECZ Bj at those prices. 
This contradicts the fact that the incomes of all agents are the same at 
prices p*. Q.E.D. 

4. Nicely shaped parcels 

The next result, due to Hill (1983, Theorem 2), extends the Dubins and 
Spanier result to obtain nicely shaped parcels. Hill is concerned with the 
determination of a fair division of some land that is situated between several 
countries. The countries consist of disjoint parcels shaped in a useful way 
and have utilities defined over subsets of the area to be divided. The goal is 
not only to find a ‘fair’ division of the resources, but also to ensure that the 
division is such that the new countries formed from the old plus the new 
resources continue to be shaped in a useful way. Shape is not accounted for 
in utility functions, since Hill restricts his attention to countably additive 
utilities, which cannot account for preference for shape. 

In our notation, A i, . . . , A, are the current parcels representing countries, L 
is the new land to be divided, and Bi is the subset of L representing new 
resources assigned to country i. We say that a partition B of L is nicely 
shaped if for each i, Bi is open, connected, and adjacent to Ai. 

Theorem 3. Let kZ 2. Suppose that L, A t,. , . , A, are disjoint, open, connected 
subsets of Rk with Ai adjacent to L for each i. Suppose also that for each i, 
agent i’s preferences can be represented by a non-atomic probability measure ui 
on L. Then, given u E A”- I, there exist disjoint, open, connected subsets 
B t,...,B, of L with 

(i) Bi adjacent to A, for each i, 
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(ii) u,(B,) hffi fir each i, and 

(iii) UT= 1 Bi = L. 

From Theorem 3, one can conclude that there exists a nicely shaped a-fair 
partition. Hill (1983, p. 442) remarks that Theorem 3 can easily be extended 
in two directions. 

First, nicely shaped limit-efficient partitions exist, as do nicely shaped 
similarly defined limit-utilitarian and limit-Rawlsian partitions. It is also clear 
that a limit-efficient sequence of nicely shaped u-fair and partitions exist. 

Second, the result can be extended so that for any E>O, there is a partition 
BEII” satisfying the conclusions of the theorem with “u,(B,) zai for all i” 
replaced by “lui(Bj) -ai1 <E for all i and j”. Again taking aj= l/n for all j, we 
conclude that there exists a sequence of nicely shaped limit envy-free 
allocations. Finally, using Theorem 1 in conjunction with the proof of the 
Hill result, there exists a sequence of limit-envy-free and limit-efficient 
partitions that are nicely shaped (open, connected, and adjacent to Ai). 
Analogous results hold for the concept of a limit group envy-free partition 
(which we have not defined formally). 

We refer to Dunz (1991) and Berliant (1985) for facts about the core when 
preferences have representations that are countably additive measures. We 
simply remark here that under the assumptions of Theorem 2, the core of an 
exchange economy where endowments form a partition of L is non-empty 
because an equilibrium allocation is in the core. Combining this fact with the 
proof of the Hill result, nicely shaped e-core partitions exist. 

5. Nonlinear utility 

Here we introduce preferences that cannot be represented by measures. As 
noted earlier, not much can be proved about general set functions, so we 
make an assumption that is stronger than subadditivity of utility (see the 
lemma below), and is intuitively related to decreasing marginal utility of a 
point as sets become larger through set containment. 

Definition. The function Ui:~ + R + is concave if there exists a function 
~,:((~,B)ELx~~IxEB}-,IW+ such that 

(i) for all BE W, hi(. , B) is integrable, 
(ii) for all B,B’E~ with B’cB, for all XEB’, hi(x, B’) Lhi(x, B), and 
(iii) for all B E 93, u,(B) = jB hi(x, B) dm(x). 

This form of utility is highly cardinal, and it will be used in the context of 
a-fair partitions. Notice that is is a generalization of the assumption that Ui is 
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a non-atomic probability measure. An example is obtained by choosing 
~(x,~)=~(~~/~~(~) + 11, where f is some positive density on L. Another 
example is h(x,B) = f(x)/[rad(x,B) + 11, where rad(x, B) =sup{a~OIB,(x)~ 
B} and where B,(~)~{~ELII~x-yllra}. N ex we use our new assumption. t 

Theorem 4. Let k 2 2. Suppose that L, A 1,. . . , A,, are open, connected subsets 
of Rk with Ai adjacent to L for each i. Assume that for each i, ui is concave, 
with ui(B) =fs hi(x, B) dm(x). F or each 16 isn, let Cli 20 be such that 
EzI tLi 2 1. Then, there exist disjoint, open, connected subsets B,, . . . ,B, of L 
with Bi adjacent to Ai for each i such that ui(Bi) 2 C(i. Ui(L) for each i. 

Proof. For each i, iet tZi(B) -fs hi(x, L)dm(x)/ui(L). Let CL,+~ = 1 -C1=l CC~, SO 

that xl:,’ cli = 1 and let tin+ I (B) =m(B)/m(L). Then for each i, Ui is a 
non-atomic probability measure on L, so by Theorem 2 of Hill (1983), there 
exist disjoint subsets (B,, . . . , B,+ 1) such that Ui(Bi) lai for all i. Hence for 
i=l,Z,...,n we have q(B) = fshi(x, B) dm(x) 2 fBhi(X, L) dm(x) 2 ai. Ui(r;). 

Q.E.D. 

One can conclude from this result that there exists a nicely shaped a-fair 
partition. The same result but without nicely shaped parcels holds for all 
dimensions (even k= 1) if Theorem 1 is used in place of the Hill theorem. 
Next we examine a second concept of decreasing marginal utility. 

Definition. A function Ui is integrably concave if it satisfies the earlier 
definition of concavity with (ii) replaced by 

(ii’) for all B, B E LB with B’ c B, fBt hi(x, B’) dm(x) ~ f~ hi(x, B) dm(x). 

Corollary 1. Same as Theorem 4, except that the assumption that ui is 
concave is replaced by the assumption that it is integrably concave. 

Next we relate subadditivity to our assumptions. A set function u: &? + R is 
subadditive if for every A, BE $3 with A n L? = 0, u(A u B) 5 u(A) + u(B). 

Lemma. If u(B) =fsh(x, 8) dm(x) and zf for all B, B’ E W with 3’ c: B, 
sv, h(x, B’) dm(x) ZJBS h(x, B) dm(x), then u is subadditive. 

Proof. For any disjoint A, BE 9, 

u(A) + u(B) = j h(x, A) dm(x) + s h(x, B) dm(x) 
A B 

2 J h(x, A u B) dm(x) + f h(x, A u B) dm(x) 
A B 
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= f h(x, A u B) dm(x) = u(A u B). 
AuB 

Q.E.D. 

In order to discuss compactness of the set of efficient partitions when 
preferences cannot be represented by additive set functions, it is necessary to 
impose a topology on .G!l. The topology we employ is given in Berliant and 
Dunz (1989, Appendix), and is closely related to the topology used in 
Berliant and ten Raa (1988). It is based on taking the complements of 
interiors of sets, and measuring their distance using the ~ausdorff topology 
on Iw’. Since we only need to know that the set of measurable partitions is 
compact in this topology, there is no need to reproduce the details of the 
topology. Many examples of interesting monotonic utilities continuous in the 
topology can be found in Berliant and ten Raa (1988, section 3). One is 
~(~)=~Brad(~,~)d~(~) +m(B). An example of a utility not continuous in the 
topology is (for given YEL) u(C)=inf(a~OICrB,(y)a.s.]. That the set of 
measurable partitions is compact in the topology is proved in Berliant and 
Dunz (1989). We call a set function continuous if it is continuous in this 
topology. It is immediately apparent that if each ni is continuous, then 
efficient partitions exist. 5 It is also apparent that a-fair efficient partitions 
exist if utilities are continuous and satisfy one of the above decreasing 
marginal utility conditions. 

6. Egalitarian-equivalent and efficient partitions 

Existence of egalitarian-equivalent and efficient partitions requires less 
structure and weaker assumptions than those used for our previous results. 
What is needed is that the preferences be representable by utility functions 
that are continuous with respect to a compact topology on g such that 
sequences of nested sets converge. 

Theorem 5. Suppose that L is a compact, connected, k-dimensional manifold 
(with boundary). Zf f or each i, agent i’s preferences can be represented by a 
function ui that is continuous and monotonic, then there exist egalitarian- 
equivalent and eflcient allocations. 

Proof. First we rescale the utility functions. Without loss of generality, 
suppose that ~~(0) = 0 for all i. Let y be an arbitrary point in L, and let B,(y) 
be the closed ball in lRk of radius r with center y. Define vi(r) zu,(B,(y) n I;). 
By definition of the topology and continuity of ui, Vi(O) =0 for all i. Let 
r=inf(rhOI LS B,(y)) -C co. Given the assumptions on L and the mono- 
tonicity of Ui, vi is continuous and monotone increasing on [O,d. Let 
Ui =u,(L). Then, the function r defined by ri(u)= v; ‘(u) for all u is a 

‘Again, this is true of utilitarian and Rawlsian partitions. See footnote 4 for definitions. 
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well-defined, continuous and monotonj~ function from [O, ziJ to [0, r]. Let 
wi(B)~~i(ui(B)). Then Wi is simply another representation of the preference 
relation represented by ui. Let the utility possibility set be W= 

fh..., W,) E Iw”I 3 BE R” s.t. Vi, Wi(Bi) = Wi]. Notice that W is comprehensive, 
i.e. if w=(w, ,..., w,)E Wand 06WisWi for each i, then w’=(w;,...,w~)E W. 
Also notice that since @ is compact, W is compact. Let 1 be the vector of n 
l’s, (l,..., 1). Since (0,. . . , O)E W and W is compact, max(t.lItZO,t.lE W> is 
finite and attained. Let t* be the value of t attaining the maximum. So there 
exists a partition B* =(Br,. . .,I?,*) such that wilt* for all i. Let 
B=(Bt,..., 8,) be any partition such that Wi(Bi) 2 t* for all i. If there exists j 
with wj(Bj)> t*, then by using monotonicity and distributing some of Bj to 
the other agents, there is a t’>t* with t’* 1 E W. This contradicts the 
definition of t*, so w,(B,) = t* for all i. Hence for any partition B =(Br,. . . , B,) 
such that ~~(8,) 2 t* for all i, w,(Bi) =t* for all i. Then, B* is efficient, and 
wi(BT) = t* = ri(ui(B:(y))), SO ui(BT) =+(B:(y)), and B* is egalitarian- 
equivalent. QED. 

Specializing to an economy with two homogeneous commodities as at the 
beginning of section 3 and using three consumers with preferences repre- 
sented by countably additive measures, it is easy to construct examples 
demonstrating that the collection of envy-free and efficient partitions bears 
no systematic set-theoretic relation to the collection of egalitarian-equivalent 
and efficient partitions. 

7. When does no-envy imply efficiency? 

Here we examine the general question of when envy-free allocations are 
group envy-free and therefore efficient. We present a general model and 
sufficient condjtions for this implicatjon to hold. 

Our result will hold for the model presented above as well as for another 
domain. Consider the problem of allocating a quantity of money and a set of 
indivisible commodities, or objects, among a group of consumers of equal or 
greater ~ardinaljty (tasks among a number of workers), each consumer 
receiving at most one object and all the objects and money being allocated. 
In that context, an envy-free allocation is also eficient and group envy-free, 
as was first noted by Svensson (1983). This result will be a special case of our 
theorem below. 

Let F be the consumption set of every agent (F need not be a subset of a 
linear space or even have a topological structure). Let Fi = F for all i, and let 
P~fi?= I Fi be the set of feasible allocations. As before, each agent has a 
complete preference relation Ri over F. 

To simplify notation, we restate the definition of a group envy-free 
allocation. An allocation x =(x1, . . . , x,) ~9 is group envy-free for R = 
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CR 1,. . . , R,) if for every group of agents C, for every injection x: C+ 
{1,2,..., n}, and for every y E 9 with yi = Xi for all i # n(C), xjRjynQ for all 
jEC or XjPjYff(j) for some Jo C. Note that this is just the usual definition of 
group envy-free where C and X(C) are groups of agents of equal cardinality, 
y is a feasible reallocation of the consumptions given by x of the agents in 
z(C), and rc is an assignment of this reallocation to the agents in C. 

Now we state and prove the main theorem of this section. 

Theorem 6. Suppose that 

(1) there exists a partial order > on F such that for all i,xi>yi implies x,P,y,; 
and 

(2) if x,y ~9 are such that there does not exist a bijection 
z(l)..., n}+(l)..., n} with xi = yn(i) for all i, then there exist i and j such 
that xj >y,. 

If x E 9 is envy-free for R, then it is also group envy-free for R and therefore 
efficient for R. 

Proof. Let x~9 be envy-free, let C be a group of agents, let n: C-+ 
{l,..., n} be an injection, and let ye9 with yi =xi for all i$ n(C). Consider 
two cases. For case 1, suppose that the hypothesis of condition (2) does not 
hold. That is, suppose rc’: { 1,. . . , n} + (1,. . . ,n} is a bijection such that 
y,,(i)=xi for all i. Then for every iEC, y,(i)=xj for j=rc-‘(n(i)). No-envy 
implies xiRixj =yxci) for all i E C. So we need only consider case 2, and 
assume the hypothesis of condition (2) holds. Therefore, Xj>yi for some i, j. 
If i+! n(C) then yi= Xi and (1) implies XjPixi, which contradicts that x is 
envy-free. So ig z(C). Let n-‘(i) = i’ E C. Then x envy-free implies Xi’ Ri, xi 
and (1) implies xjPi,yi= y,(i,). SO xi*Pi,yn(i’) and x is group envy-free. 

Q.E.D. 

Notice that (1) is a (strict) monotonicity assumption. Condition (2) implies 
that the situation is one of ‘pure division’ in the sense that giving more to 
some agent means another agent gets less. 6 Theorem 6 can be strengthened 
by replacing (1) and (2) with: 

if x,y ~9 are such that there does not exist a bijection rc: { 1,. . . , n} + 
{L..., n} with Xi =ysci) for all i, then there exist i and j such that for all 
agents a, XjPaYi. 

Clearly (1) and (2) together imply this condition. 
Next we consider several applications of this result. A particularly 

interesting version of the model presented in the previous sections is 

6This property is always true when two agents are dividing a single desirable commodity. 



M. Be&ant et al., On the fair division of a heterogeneous commodity 213 

obtained by supposing that there is a one-dimensional continuum which has 
to be divided into intervals. The most natural example here is time. 

It is easy to think of situations where the availability of a facility or a 
service is beneficial only in intervals. For a variety of reasons (transportation 
to and from the facility, preparation, coordination with partners), splitting up 
the time available into small intervals with each agent receiving several of 
them, mutually disjoint, would be inefficient. We will then assume that 
preferences are defined over intervals. (If so desired, and without loss of 
generality when efhciency is insisted upon, we could extend preferences to 
unions of intervals by identifying each such union with the most preferred of 
the maximal intervals it contains.) 

The existence of envy-free allocations for that model has already been 
established by Stromquist (1980) and Woodall (1980). The equity notion they 
use is no-envy, but they make no mention of efficiency. Our contribution 
here is to show that in this model and under a natural monotonicity 
condition, any envy-free allocation is necessarily efficient, and in fact group 
envy-free ~ac~ording to our de~nition above, group no-envy implies both no- 
envy and efficiency). This is quite surprising since there is no reason in 
general why the normative concept of no-envy (or for that matter, any equity 
concept) should have such strong implications con~rning efficiency. 

Corollary 2. Let I = [a, b] be a connected interval in R. Assume that each 
agent has preferences over intervals such that A 3 B implies AP,B. Then every 
envy-free partition of I into n intervals is group envy-free. 

Proof. Here 8 is the collection of all partitions of 1 into n intervals. Define 
the partial order in condition (1) by 3, so condition (1) holds. Hence only 
condition (2) needs to be verified. We can identify an interval in such a 
partition by its right endpoint. So z represents the partition ([a,z,], 

C~1,Z*l,..., [zn _ 1, z,]) where z, = b. ’ We will order feasible allocations 
by positions in this manner instead of by agents. 

Let w and z be distinct partitions of I. If w1 <zi, then we are done since 
[a,~~] I [a, wl]. So we can assume w1 22,. Suppose that wi Zzi for all 
isj-1. If Wj<Zj, then we are done since [Zj-i,ZJ 13 [Wj_i,Wj]. SO it must 
be that wi zzi for all i. But, since w and z are distinct there must be some j 
for which wj>zj. Therefore wj+ 1 >Zj+ l, for otherwise Wj+ 1 Qj+ 1 and 

Czj~zj+Il=lCwj~wj+Il so we are done. Again by induction it must be that 
wi>zi for all i>j since otherwise wi SZ~ while Wi- 1 >zi-1, SO [zi_ 1, zi] 3 

[wi- It wi], and we are done. But w,>zi for all i>j is impossible, since 
w, = z, = b. Therefore (2) is verified. 

Apply Theorem 6 to obtain the desired result. Q.E.D. 

‘For standard measure - theoretic reasons, two intervals that differ on a set of measure zero 
are considered equivalent, so elements of a partition are allowed to overlap at a common 
endpoint. 
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As mentioned previously, Stromquist (1980) and Woodall (1980) have 
shown that an envy-free partition exists in this one-dimensional model 
provided that preferences have representations that are continuous with 
respect to interval endpoints. [This type of continuity is the same as the 
more general form of continuity given in Berliant and ten Raa (1988) or 
Berliant and Dunz (1989) when specialized to this one-dimensional model.] 
Hence envy-free and efficient partitions exist provided that preferences admit 
continuous utility representations and are monotonic in the sense of 
Corollary 2. 

An interesting application of Corollary 2 is to models of urban location, 
such as Alonso (1964). Each agent’s preferences can be represented by a 
utility that depends on the interval of land he receives and how close it is to 
the central business district given by a. Distance to the city center is 
measured from the beginning of the agent’s interval of land. 

Corollary 3. Given the structure of Corollary 2, suppose agent i’s preferences 
are such that for all e>O and all cZa+e, [c-e,d-e]P,[c,d], and [c,d] I 
[c’,d’] implies [c, d]Pi[c’,d’]. 7hen every envy-free partition is group envy-free. 
If, in addition, each Ri is continuous, then there exists an envy-free and eficient 
partition. 

Corollary 3 is an easy consequence of Corollary 2. Corollary 3 depends 
crucially on measuring the distance to the central business district from the 
beginning of a parcel. If this distance were given by a ‘weighted average’ of 
distances from each point in the parcel to the city center (e.g. distance from 
the middle of the parcel to the city center), then Theorem 6 would not apply. 
In this case, condition (1) need not be satisfied. 

Corollaries 2 and 3 can easily be extended to cover models in which I is a 
finite union of disjoint intervals in the real line. This can be accomplished by 
identifying the endpoints of consecutive intervals. 

Finally, we demonstrate how a result of Svensson (1983) pertaining to the 
allocation of indivisible goods and money is captured by Theorem 6. 

Corollary 4. Consider the problem of allocating J ‘objects’ and an amount 
M 20 of a divisible commodity, called ‘money’, among n( 2 J) agents so that 
each agent receives at most one of the objects. If, given an object, agents 
strictly prefer more money to less, then envy-free allocations are group 
envy-free. 

Proof. If n> J, ‘null’ objects are added to the model so that the numbers of 
agents and objects are the same. As in the proof of Corollary 2, we index the 
components of feasible allocations by the objects instead of agents. That is, if 
x ~9, then xi gives the quantity of money consumed by the agent receiving 
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the ith object. Feasibility in this model reduces to the requirement that xi 2 0 
for all i and that cy= i Xi = M. 

First we consider the case M =O, So there are only objects in this case, 
and bundles only consist of an object. Hence, every envy-free allocation is 
clearly group envy-free. 

Let M >O. We define the partial order > required by condition (1) as 
follows: xi> yj iff i=j and xi >y> This implies that condition (1) holds. Now 
let x and y be two distinct feasible allocations. So there must be an i such 
that xi> yi, otherwise x and y are not distinct or all of the money is not 
allocated. Hence, xi>yi. This shows that (2) holds and Theorem 6 can be 
applied. Q.E.D. 

8. Concluding comment 

We have examined the existence of allocations satisfying various equity 
criteria in economies in which a heterogeneous good has to be allocated. 
Beyond existence, there are a number of important issues that should be 
tackled next pertaining, in particular, to the existence of selections from the 
no-envy solution satisfying additional properties, Examples are monotonicity 
with respect to the amount to be divided (all agents should benefit from such 
an increase), and with respect to changes in the number of claimants (all 
agents initially present should lose in such circumstances). We hope that our 
existence results will contribute to setting the stage for a thorough investi- 
gation of these issues. 
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